The hesitant fuzzy linguistic term set is an effective tool to express qualitative evaluations since it is close to human reasoning and expressing habits. In this paper, we propose a multi-expert multi-criterion decision-making method integrating the double normalization-based multi-aggregation (DNMA) method with a cardinal consensus reaching process, where the assessments of alternatives over multiple criteria are expressed as hesitant fuzzy linguistic term sets. To do so, the DNMA method involving double normalizations and three aggregation tools is extended to deal with the hesitant fuzzy linguistic information and derive the ranking of alternatives with respect to each expert. In addition, a cardinal consensus reaching process is introduced to help experts reach an acceptable consensus level. In other words, the soft consensus is considered in the multi-expert multi-criterion decision-making process. Subsequently, an extended Borda rule is developed to aggregate the subordinate ranks and integrated scores of alternatives, and then deduce the comprehensive ranking of alternatives. A case study is given to illustrate the practicability of the proposed method for selecting the optimal geographical location of a larger-scale shopping mall in the new urbanization for a construction investment agency. The proposed method is compared with other ranking methods to illustrate its advantages.
Introduction
Decision-making problems are usually defined under uncertain and vague conditions in real situations. In many cases, the nature of uncertainty is not probabilistic but imprecise or ambiguous. To describe uncertain cognitions, Zadeh (1965) proposed the fuzzy set that used membership degrees to describe the strength of elements belonging to a set. In a fuzzy set, the membership degree of an element is a single value between zero and one. However, there are some limitations in expressing evaluations by single values. In this regard, Torra (2010) proposed the hesitant fuzzy set characterized by a function that returned a set of membership values for each element in the domain. Given that linguistic terms are closer to the habit of human expressions than quantitative membership degrees, Rodríguez, Martínez, and Herrera (2012) extended the hesitant fuzzy set to the linguistic background and introduced the hesitant fuzzy linguistic term set (HFLTS). To conform to human thinking and inference process, Rodríguez et al. (2012) provided a way of linguistic elicitation for HFLTSs by using comparative terms based on context-free grammars.
As an effective qualitative evaluation method, many operations on HFLTSs were proposed based on the subscripts of linguistic terms (Rodríguez et al., 2012) . Considering that the subscript-based operations cannot deal with unbalanced linguistic term sets (LTSs), proposed a score function of the HFLTS, which could translate linguistic terms to specific numerical values to simplify the calculation process. Besides, many methods have been proposed for solving the multi-criteria decision-making (MCDM) problems in which the linguistic evaluations are expressed by HFLTSs, such as the hesitant fuzzy linguistic Technique for Order of Preference by Similarity to Ideal Solution (HFL-TOPSIS) method (Beg ally existed in the selection of shopping mall locations. Furthermore, language is a flexible and effective way for the evaluations of shopping mall locations compared with fuzzy sets which are only expressed as numerical numbers. In this study, we consider both the qualitative and quantitative criteria for the assessments of alternatives in the process of shopping mall location selections. We use the proposed the HFL-DNBMA method with the cardinal consensus reaching process to solve the MEMCDM problem concerning selecting the optimal geographical location of the shopping mall for a construction investment agency in the new urbanization is provided. Comparative analyses are also given to demonstrate its advantages.
To sum up, the motivation of this paper involves the HFL-DNMA method, a cardinal consensus reaching process, an extended Borda rule, and a case study to illustrate the feasibility of the proposed method. This paper tries to achieve the following theoretical contributions:
1. The DNMA method is extended to the hesitant fuzzy linguistic context considering the hesitant degree and score function of the HFLTS. 2. Based on the subordinate ranks obtained by the HFL-DNMA method, a cardinal consensus reaching process is proposed to help expert group reach an acceptable consensus level. 3. An extended Borda rule is proposed to obtain the final comprehensive ranking of alternatives for multi-expert multi-criterion decision-making problems. The rest of this paper is organized as follows: Section 1 reviews the concepts related to HFLTSs and the main idea of the DNMA method. Section 2 introduces the HFL-DNMA method, the cardinal consensus reaching process, the extended Borda rule and the procedure of the cardinal consensus-based HFL-DNMA method. Section 3 conducts a case study and comparative analyses with other ranking methods. The paper ends with concluding remarks.
Related works and literature review
To facilitate our presentation, in this section, we review the concepts related to HFLTSs and the main idea of the DNMA method. We also summarize the primary methods on the selection of shopping mall location as well as the research gap of these methods in qualitative and quantitative conditions. Finally, we introduce the primary approaches of reaching consensus for decision-making problems. Rodríguez et al. (2012) introduced the concept of HFLTS. Subsequently, Liao, Xu, Zeng, and Merigó (2015) MULTIplicative Multi-Objective Optimization by Ratio Analysis (HFL-MULTIMOORA) method , hesitant fuzzy linguistic Organísation, rangement et Synthèse de données relarionnelles (HFL-ORESTE) method (Liao, Wu, Liang, Xu, & Herrera, 2018) and hesitant fuzzy linguistic ELimination Et Choix Traduisant la REalité (HFL-ELECTRE) method (Liao, Wu, Mi, & Herrera, 2019) . However, all the above MCDM methods only used single normalization technique to nondimensionalize evaluation values under different criteria. In this sense, using a predefined normalization method may bias the results when the normalization tool is not suitable. In this regard, proposed a double normalizationbased multi-aggregation (DNMA) method based on two normalization approaches including the target-based linear normalization and target-based vector normalization. However, the original DNMA method is unable to handle the decision matrices composed by HFLTSs. Therefore, the first motivation of this paper is to combine the DNMA method with HFLTSs to solve problems involving qualitative information.
Literature review on the hesitant fuzzy linguistic term set
In multi-expert MCDM (MEMCDM) problems, consensus refers to a degree of agreement among all experts with regard to all alternatives under a specific circumstance (Ben-Arieh & Chen, 2006) . Consensus reaching process has been wildly addressed since it can reduce the conflict among experts, increase the participation of experts and enhance the acceptance of decision-making results (Kahraman, Engin, Kabak, & Kaya, 2009; Xu, 2009 ). The second motivation of this paper is to present a cardinal consensus reaching process for the HFL-DNMA method to help experts reach an acceptable consensus in dealing with MEMCDM problems. Besides, the third motivation of this paper is to propose an extended Borda rule to integrate the scores and ranks of alternatives concerning multiple experts to obtain a collective ranking set.
Furthermore, it is known that large-scale shopping malls play a leading role in booming the market, stabilizing prices, promoting production, demonstrating civilization and better meeting the needs of people. In the process of new urbanization, how to choose the geographical location of a shopping mall to obtain maximum benefits plays a vital role in the future development for an investment agency. Shopping mall location selection is the first step in the operation of the whole investment and construction project. Once the location is not well chosen, it may greatly increase the risk, leading to the lack of competitiveness of the market and poor operating conditions. In recent years, how to select an appropriate large shopping mall location has become a hot research topic. Many researchers have proposed different methods from different points of view (Cheng, Li, & Yu, 2005 , 2007 Song, Yuan, & Zhang, 2008; Gundogdu, 2013; Elsamen & Hiyasat, 2017; Elevli, 2014; Can & Delice, 2018; Canas, Ferreira, & Meidutė-Kavaliauskienė, 2015) . However, to the best of our knowledge, there are few researches considering both the qualitative and quantitative criteria which are usu-is a set of continuous values in S. For convenience, ( ) S h x is called the hesitant fuzzy linguistic element (HFLE). It is noted that the discrete LTS can be extended to continuous form, i.e., (Liao, Xu, Herrera-Viedma, & Herrera, 2018) .
Since HFLTSs are not similar to the way of human thinking and reasoning, Rodríguez et al. (2012) introduced the context-free grammar H G to generate linguistic expressions that were much closer to the way of human expressions. Then, the transformation function :
can be used to transform the linguistic expression ll obtained by H G into an HFLE S h (Rodríguez et al., 2012) . Concerning various linguistic expressions, there are different types of transformation functions. The most representative ones are: proposed a score function to convert the HFLE into a specific numerical value. The score function of the HFLE is represented as follows:
where: g is a linguistic scale function which translates the linguistic terms into their semantics belonging to [0,1]. For the balanced LTS, there is ( ) ( ) 2 g s α = α + τ τ . For other cases, please refer to .
( ) S HD h is a hesitancy function to measure the inherent hesitant information of the HFLE. There is ln ( ) (2 1)ln(2 1) S L L HD h = τ + τ + .
Literature review on the DNMA method
The DNMA method employed three different aggregation operators with different functions, which makes the method flexible regarding different decision-making requirements. In addition, the proposed method can be applied to deal with the decision-making problems that contain both qualitative and quantitative criteria. The DNMA method mainly includes three kinds of aggregation functions based on the target-based linear normalization and target-based vector normalization. Let 
x is the value of alternative i a on criterion j c . In the original DNMA method , there are three subordinate aggregation models, i.e., the complete compensatory model (CCM), un-compensatory model (UCM) and incomplete compensatory model (ICM). The CCM is based on the arithmetic weighted aggregation operator, shown as:
where: 1 ij y is the linear normalization value of ij x with
order, the first type of ranking, 1 ( )
The UCM is shown as
Ranking 2 ( ) i u a ′ in ascending order, the second type of ranking, 2 ( ) i r a ′ ( 1,2, , ) i m =  , is obtained. Because the linear normalization cannot reflect the quality of original values, the results obtained by the above two aggregation functions would be misguided in some cases. Thus, further proposed the third aggregation function, ICM, which is represented as
where: 2 ij y is the vector normalization value of ij x with Finally, the integrated scores are calculated by :
where: ϕ is a coefficient to emphasize the significance between the subordinate ranks and utility values. Without lose of generality, ϕ can be 0.5. The final rank set
 of alternatives is obtained in the descending order of i S ( 1,2, , ) i m =  .
Literature review on the selection of shopping mall location
Shopping malls play a vital role in a city. In recent years, the commercial real estate has become a hot investment.
Selecting an appropriate shopping mall location becomes one of the research objects. Cheng et al. (2005) employed the analytic network process (ANP) with a comprehensive analytic framework to select the optimal location for a shopping mall. Subsequently, Cheng et al. (2007) introduced a geographical information system (GIS) method to select shopping mall location, in which the electronic mapping technology was used to construct interactive multi-layer maps. Song et al. (2008) combined the analytic hierarchy process (AHP) and multi-level fuzzy comprehensive evaluation to obtain a good shopping mall location. Based on the GIS, Gundogdu (2013) proposed a decision-making process to select the best shopping mall location on a regional basis by loading semantic data about geographical data, in which economic and social data, population density, quality of life and geographical data were considered. Similarly, based on the ArcGIS's network analysis tool and time-resistance approach, Elsamen and Hiyasat (2017) examined the optimal shopping mall location selections in the area of west Amman in Jordan. Considering the vagueness of subjective evaluations, Elevli (2014) suggested the fuzzy PROMETHEE (preference ranking organization method for enrichment evaluation) method to select the optimal potential logistics center locations where fuzzy sets were used to portray the uncertain assessments. Can and Delice (2018) studied a task-based fuzzy integrated MCDM approach for the shopping mall selection considering universal design criteria. For the MCDM problem, Canas et al. (2015) presented a methodological proposal with multiple criteria decision analysis to obtain the optimal selection.
Shopping malls are a classification of commercial real estate. As the first step of whole project investment, the location selection plays an important role. At present, the situation of commercial real estate location in China is that practice is far ahead of theory, which greatly increases the risk of investment.
In the aforementioned methods on the selection of shopping mall, they are suitable to solve the decisionmaking problems for single qualitative or quantitative conditions. However, many decision-making problems on the selection of shopping mall are involved with qualitative and quantitative condition. Therefore, it is necessary to establish an effective index system of shopping mall location and study it with modern decision-making theory.
Literature review on the approaches of consensus in decision-making problems
Consensus process can provide the feedback for experts and improve the acceptance of final decision-making results. Therefore, consensus has been widely discussed. Many approaches have been investigated to improve the consensus levels of experts (Kahraman et al., 2009; Parreiras, Ekel Martini, & Palhares, 2010) . A common process of the consensus-based group decision-making (GDM) methods (Herrera, Herrera-Viedma, & Verdegay, 1996; Xu, 2005) is to measure the consensus of individual evalua-tions, and then aggregates the individual decision matrices with a high consensus degree into a group decision matrix. Perez, Cabrerizo, Alonso, and Herrera-Viedma (2014) proposed a consensus model for heterogeneous GDM problems that were guided by the heterogeneity criterion. A trust induced recommendation mechanism for reaching consensus in GDM problems (Liu, Liang, Chiclana, & Wu, 2017) was introduced to generate personalized advice for low-consensus experts to reach a high-level consensus. Dong, Zhang, Hong, and Xu (2010) introduced a cardinal consensus by measuring the distance between individual preference values and collective preference values.
Based on individual preference values and collective preference values, the preferences of experts on alternatives can be easily shown. Subsequently, we shall present a simple cardinal consensus reaching process based on the HFL-DNMA method, which can provide feedback for experts to reach an acceptable consensus in dealing with MEMCDM problems.
The cardinal consensus-based HFL-DNMA method
In this section, we extend the original DNMA method to the hesitant fuzzy linguistic environment to solve MEM-CDM problems and consider the consensus degree of multiple experts. Besides, the cardinal consensus reaching process is introduced. Then, an extended Borda rule is introduced to obtain the final comprehensive ranking of alternatives.
The HFL-DNMA method
An MEMCDM problem contains a finite set of alternatives,
, and a set of experts,
. Each alternative is measured by a finite set of criteria DNMA method with HFLEs, the HFL-DNMA method can be proposed to deal with MEMCDM problems with both quantitative and qualitative information. We present the procedure of the HFL-DNMA method as follows:
Step 1. Determine alternatives ( 1,2, , )
and invite experts to make assessments. The criteria are classified into three categories, i.e., cost, benefit and target-based criteria. Assume that there are z qualitative criteria 1 2 ( , , , )
Step 2. Collect the linguistic assessments of experts concerning the alternatives on qualitative criteria. We use the context-free grammar H G and the transformation function
to get the HFLEs
For the quantitative criteria, the values of alternatives are represented as numerical values ( ) ( 1,2, , ;
, +1, , )
ij q x i m j z z n = =   . Then, the individual decision matrix corresponding to expert q e can be established by all ( ) ( 1,2, , ; 1,2, , )
ij q S h i m j z = =   and ( ) ( 1,2, , ;
ij q x i m j z z n = =   , which can be denoted as
Step 3. To reduce the complexity of HFLEs during the process of calculations, by Eq. (1), the HFLE
Step 4. Calculate target-based linear and vector normalized values for each transformed matrix ( ) q X . Motivated by the target-based linear normalized formula proposed in , the hesitant fuzzy linguistic target-based linear normalized formula is shown as follows:
is the target value of the qualitative criterion j c , for
In analogous, the hesitant fuzzy linguistic target-based vector normalized formula is shown as follows:
Step 5. Calculate the utility values ( )
for different alternatives. Then, according to these utility values, we obtain three types of subordinate ranks
Step 6. Normalize the subordinate utility values
Step 7. Integrate the subordinate ranks and subordinate normalized utility values by Eq. (5), and obtain the integrated scores of all alternatives corresponding to each expert. Then, we can obtain the final rank set of alternatives with respect to each expert as
It is a common phenomenon that there are some differences on the integrated scores or subordinate ranks of alternatives with respect to different experts. This is mainly because different experts have different expertise and experience. In this sense, it is necessary to consider whether all experts reach a consensus degree after obtaining the integrated scores and ranks of alternatives. The consensus degree of an expert group in MEMCDM problems is considered to reduce subjective judgments as much as possible. In the next section, we propose a cardinal consensus measure based on the rank sets of alternatives derived by the HFL-DNMA method to check the consensus degree of experts and then develop a consensus reaching process for hesitant fuzzy linguistic MEMCDM problems.
A cardinal consensus reaching process for hesitant fuzzy linguistic MEMCDM problems
The MEMCDM problems have been widely studied, and consensus is an important issue to guarantee that the group members agree to support a decision to obtain the best interest or common goal of the whole group (Lee, 2002; Li, Dong, Herrera, & Herrera-Viedma, 2017; Wu, Dai, Chiclana, Fujita, & Herrera-Viedma, 2018) . In general, consensus can be divided into two categories, i.e., the hard consensus and soft consensus (Herrera-Viedma, Martínez, Mata, & Chiclana, 2005) . The consensus degree can be represented by "0" or "1" where "0" denotes there is no agreement and "1" denotes a full agreement among all experts (Wibowo & Deng, 2013) . In real decision-making process, it is difficult or even impossible for all experts to reach a full agreement. In this regard, the soft consensus can be defined as an acceptable solution that "most" experts agree on the result for an MEMCDM problem, even if the solution is not everyone's "favorite". The soft consensus enables experts to provide their assessments in a flexible manner (Ross & Jayaraman, 2008) . Therefore, the soft consensus is appropriate to deal with MEMCDM problems in real situations. In this section, we conduct the cardinal consensus reaching process for hesitant fuzzy linguistic MEMCDM problems where the cardinal consensus is a soft consensus.
R r a r a r a r a =   be the rank set of alternatives derived by the HFL-DNMA method based on the linguistic assessments of expert q e . The individual preference degree of the rank ( ) ( ) q i r a is defined as Eq. (12). Then, the rank set of expert q e can be transited to the preference set
Based on the weighted averaging operator, the group preference degree of alternative i a can be calculated by
The Euclidean distance formula is applied to calculate the overall distance between the individual preference degrees corresponding to expert q e and the group preference degree, which is denoted as
Then, the cardinal consensus index ( ) q CCI of expert q e is defined as:
The greater the value of ( ) q CCI is, the higher the consensus degree of expert q e is. If ( ) 1 q CCI = , the expert q e has a full cardinal consensus with the expert group. In most cases, the consensus degree does not reach to 1. In these cases, we need to set an acceptable consensus threshold γ and check whether the calculated cardinal consensus index ( ) q CCI reaches the threshold or not. If yes, then we do not need to implement the consensus reaching process; if not, we need to develop some mechanisms to reach the group consensus. If the decision-making problem is vital for the whole group or the number of experts is small, a large consensus threshold should be set; if the decision-making problem is urgent and time is limited or there are a large number of experts, a related small consensus is acceptable (Xu, Zhong, Chen, & Zhou, 2015) .
Common adjustment strategies include the automatic optimization method and feedback optimization method . The automatic optimization method does not interact with experts, while the feedback optimization method offers advice to experts, allowing them to make modifications on their linguistic assessments. The advantage of the automatic optimization method is time-saving. The feedback optimization method can communicate with experts, thereby overcoming the limitation that the consensus results are obtained by only calculating numerical values. If time permits, the feedback strategy is better than the automatic optimization method. In this section, we use the feedback mechanism to achieve an acceptable consensus.
The feedback strategy mainly includes two rules: identification rules and direction rules. Identification rules are used to identify the experts and alternatives that contribute less to achieve a high-level consensus. Here, we only modify the linguistic assessments of the experts who do not reach the acceptable consensus, while the linguistic assessments of other experts remain unchanged.
-Identification Rule 1. It is used to identify the experts who do not reach the predefined consensus threshold γ , which can be denoted as
-Identification Rule 2. It is used to identify the alternatives that should be modified for the expert q e with ( ) q CCI < γ, which can be denoted as a as follows: for benefit criteria, the expert can decrease their linguistic assessments, and for cost criteria, the expert can reduce their linguistic assessments. According to the above direction rules, the expert can change the linguistic assessments of the alternative * i a on one or more criteria. Note that there may be more than one alternative which attain the same maximum distance. Under this situation, the alternative can be randomly chosen one from them.
After modifying the linguistic assessments on the alternative * i a , if the expert q e reaches the acceptable consensus, the feedback mechanism ends. If not, it is necessary to continue to iterate with feedback mechanism until the expert q e reaches the acceptable consensus. Then, the integrated scores and subordinate ranks of the alternatives for the expert q e should be recalculated by the HFL-DN-MA method.
The extended Borda rule
When all experts reach the acceptable consensus, we need to integrate the rankings with respect to all experts into
Step 2. Based the score function of HFLEs given as Eq. (1), the individual decision-making matrix ( ) q D can be transformed to the matrix ( ) q X with crisp values. Next, the normalized values of alternatives are calculated by two target-based normalization formulas given as Eqs (6) and (7).
Step 3. The three subordinate utility values are calculated by Eqs (8)−(10) and further normalized by Eq. (11) . Next, the integrated scores and subordinate ranks of all alternatives can be obtained.
Step 4 Step 6. Employing the extended Borda rule given as Eq. (18) to aggregate the integrated scores and subordinate ranks of alternatives after all experts reaching the acceptable consensus. Then, the comprehensive utilities of all alternatives can be obtained. Based on the comprehensive utilities, the collective ranks of alternatives are obtained and the optimal alternative is selected.
In the process of the cardinal consensus-based HFL-DNMA method, Step 1 is used to obtain the linguistic assessments and establish the individual decision-making matrix ( ) q D with transformed HFLEs.
Step 2 is to obtain the numerical decision-making matrix ( ) q X and calculate the normalized values by two target-based normalization a collective one. In this section, we propose an extended Borda rule to integrate the scores and ranks of alternatives with respect to expert q e , which can be represented by the following formula:
where: ( ) q w is the weight of the q th expert;
( ) q i S′ is the integrated score of alternative i a with respect to the q th expert when all experts reach the acceptable consensus;
is the rank of alternative i a determined in descending order of ( ) q i S′ . Finally, the comprehensive utility ( ) i CU a of alternative i a is obtained by the weight average operator, which is represented as follows:
Based on ( ) i CU a , the optimal alternative can be selected.
The procedure of the cardinal consensus-based HFL-DNMA method
For the facility of understanding and application, we present the procedure of the cardinal consensus-based HFL-DNMA method as follows:
Step 1. For an MEMCDM problem, the linguistic assessments of qualitative criteria are collected from the expert q e . These linguistic assessments are transformed into HFLEs by the transformation function Figure 1 . The procedure of the cardinal consensus-based HFL-DNMA method the process of new urbanization, how to choose the geographical location of a shopping mall to obtain maximum benefits plays a vital role in the future development. In this section, we use the proposed cardinal consensus-based HFL-DNMA method to solve a case study about selecting the optimal geographical location of a large-scale shopping mall. Suppose that a construction investment agency is preparing to invest in a large-scale shopping mall in the new urbanization and there are five candidate locations which are represented by
There are five criteria on the alternatives. 1 c and 2 c are benefit criteria. 3 c and 4 c are cost criteria. 5 c is the target criteria. For benefit criteria, they can increase the consumption of shopping malls and its profit income. For cost criteria, they spend on all kinds of expenditure or reduce the overall income. For target criteria, they are neither as low as possible nor as high as possible for the evaluation of a certain alternative, but a value in a range that is most beneficial for the entire alternative. The criteria without intersection among them for evaluating the alternatives are mainly as follows:
-Municipal construction ( 1 c , benefit criterion): the more perfect the municipal construction of the target area is, the more comfortable the shopping environment is and the better the effect of attracting consumers will be. Under normal circumstances, the enterprises around the municipal units are intensive, the mobility of personnel is large, and the potential consumption demand is greatly increased. In addition, municipal units need a lot of office supplies, which also will bring huge benefits to the shopping mall.
-Transportation convenience ( 2 c , benefit criterion): the smoother the traffic condition of the destination is, the more convenient and economical it is for consumers to reach the destination through various means of transport and thus the more shopping groups and repeat customers there will be. The convenience of reaching the mall has become one of the key factors for consumers to be willing to come to spend. It will promote the consumption of surrounding residents and mobile workers.
-Characteristics and scope of business circle ( 3 c , cost criterion): distribution and marketing strategies of competitors will compete with their own shopping centers. This may increase competition and reduce the profits of the shopping mall. If there are already a large number of shopping malls around the shopping mall location and the supporting facilities are complete, it will undoubtedly affect the sales ability of the shopping mall and reduce its profit. And it will also increase the risk of the shopping mall being closed due to poor competition. -Degree of population aggregation ( 4 c , benefit criterion): the more work units there are, the higher the degree of population aggregation will be. Because of the actual situation of China, the purchasing power of the units such as large-scale organs, institutions formulas.
Step 3 is to calculate and normalize the three types of subordinate utility values. Then, the integrated scores and subordinate ranks of alternatives can be obtained.
Step 4 is to calculate the individual preference degree ( ) q i η and the collective preference degree i η , and then the cardinal consensus index
can be calculated.
Step 5 is used to find the expert who fails to reach the acceptable consensus level and the feedback strategy that includes identification and direction rules is used to reach the acceptable consensus.
Step 6 employs the extended Borda rule to obtain comprehensive utilities after all experts reaching the acceptable consensus, and the optimal alternative is selected based on the comprehensive ranks of alternatives. The procedure of the cardinal consensusbased HFL-DNMA method can be presented in Figure 1 intuitively.
Case study: selecting the optimal geographical location of a large-scale shopping mall
In this section, a case concerning selecting the optimal geographical location of a shopping mall in the new urbanization is studied. The optimal alternative is selected by the cardinal consensus-based HFL-DNMA method. The advantages of the HFL-DNMA method are showed by comparative analyses with other ranking methods.
Case description
With the booming of China's economy, the number of people who move to cities continues to grow. The process of urbanization has also accelerated dramatically. On March 6, 2019, the press center of the second session of the 13th National People's Congress held a press conference in the Hall of the Median Center. He Lifeng, Director of the National Development and Reform Commission, Ning Jizhe and Lian Weiliang, Vice-Directors of the Commission, were invited to answer questions from Chinese and foreign journalists on issues related to "vigorously promoting high-quality economic development", and they pointed out that the development of new urbanization in China is accelerating. Currently, there are more than 600 cities in China. Among these cities, more than 400 are large and medium-sized cities. Last year, the urbanization rate of the permanent population reached to 59.58%. With each percentage point's increase in the urbanization rate, nearly 14 million people moved from rural areas to urban areas. This not only increases investment in urban public service facilities, but also releases huge consumption demand for food, clothing, housing and transportation. At the same time, during the period of making up for the shortcomings of development, speeding up the transformation of shantytowns and accelerating the transformation of old urban districts, it may release the huge potential consuming market.
It is known that shopping malls are indispensable in a city. The shopping mall improves the living standards of people and driving the economic growth of this area. In and enterprises, is relatively high, which will become the most valuable potential customers in the market. The selection of shopping mall location needs to consider the degree of population aggregation. Only when the population aggregation is relatively dense, most of the goods sold in the shopping mall need a large supply, which can increase the overall revenue of the shopping mall.
-Ratio of the land investment in total investment ( 5 c , target criterion): to achieve a relatively suitable investment in fixed assets in a shopping mall, the proportion of land price is also an important factor to be considered in overall investment. For the above criteria, the criteria 1 2 3 4 , , , c c c c are qualitative, and the criterion 5 c is quantitative. The data of 5 c has been given in the investment planning. The land investment ratio in total investment of 1 a , 2 a , 3 a and 4 a is 0.11, 0.04, 0.07 and 0.09, respectively. The given target criterion value of 5 c is 0.06. To guarantee the robustness and practicality of the decision-making results, the construction investment agency invites four experts ( 1, 2, 3, 4) q e q = with weights ( ) ( 1,2,3,4) q w q= to carry out the assessments for the alternatives on qualitative criteria and rank the alternatives based on the overall performance of the provided geographical locations. The LTS that the experts used to assess the alternatives under the first three criteria is denoted as: {s -3 = very terrible (VT), s -2 = terrible (T), s -1 = slightly terrible (ST), s 0 = medium (M), s 1 = slightly good (VT), s 2 = good (D), s 3 = very good (VD)}. The LTS that the experts used to assess the alternatives under the criterion 4 c is denoted by {s -3 = very spars (VS), s -2 = sparse (S), s -1 = slightly spars (SS) = e, s 0 = medium (M), s 1 = slightly dense (SD), s 2 = dense (D), s 3 = very dense (VD)}. Based on these LTSs, each expert gives flexible linguistic expressions after assessing the alternatives. The linguistic assessments of the alternatives given by the four experts are tabulated in Table 1 .
Next, we use the cardinal consensus-based HFL-DN-MA method to solve this MEMCDM problem.
Step 1. By employing the transformation function GH E for qualitative linguistic terms, the decision matrix of each expert is represented as follows: The HFLEs in these four decision matrices on qualitative criteria are transformed into crisp values by Eq. (1). Thus, we obtain:
(1) 0.633 0.675 0.380 0.675 0.11 0.344 0.507 0.500 0.380 0.04 0.633 0.507 0.833 0.375 0.07 0.833 0.675 0.833 0.525 0.09 
Based on the above decision matrices, by Eq. (6), we calculate the target-based linear normalized values. The calculated results are illustrated in Table 2 . By Eq. (7), we calculate the target-based vector normalized values. The results are presented in Table 3 . Assume that the construction investment agency determines the weights of the five criteria as: w 1 = 0.28, w 2 = 0.22, w 3 = 0.18, w 4 = 0.20 and w 5 = 0.12. Based on the results of two normalization methods, by Eqs (8)−(10), the values of CCM, UCM and ICM are calculated for each expert, respectively. Meanwhile, the alternatives are ranked under each subordinate aggregation model. According to the three types of calculated subordinate utility values and the corresponding ranks of alternatives, by Eq. (11) and Eq. (5), the integrated scores and ranks of alternatives for each expert can be obtained. The above calculated results of each expert are presented in Tables 4−7.
Since different experts have different knowledge background and experience, the integrated scores and ranks of different experts have differences. Next, the consensus degree of each expert needs to be taken into account. Based on Eqs (12)−(15), the calculated results for the cardinal consensus reaching process can be expressed in Table 8 .
We can obtain (1) 0.922 CCI = , (2) 0.922 CCI = , (3) 0.836 CCI = and (4) 0.922 CCI = .
Since the geographical location of a larger-scale shopping mall is vital for a construction investment agency and the number of experts is small, the consensus threshold λ is set as 0.9. According to Eq. (16), the expert e 3 does not reach the predefined consensus threshold 0.9 γ = . Thus, the linguistic assessments of expert e 3 for a certain alternative should be modified. By Eq. (17), the concrete alternative that needs to be modified by expert e 3 can be identified, that is, the linguistic preference assessments of expert e 3 on alternative a 3 should be decreased on different criteria. Giving feedback advices to expert e 3 , new linguistic assessments can be obtained under multiple criteria. (2) Solving the case by the HFL-TOPSIS method To solve the case with both quantitative and qualitative criteria, we extend the HFL-TOPSIS (Beg & Rashid, 2013) by combining it with both target-based linear normalization and vector normalization. The target-based linear normalized values of the collective matrix X is denoted in Table 10 . The target-based vector normalized values on the collective matrix X is calculated by Eq. (2), which are illustrated in Table 11 . Based on Table 10 and Table 11 , the distance of each alternative to the ideal solution can be calculated by . Thus, the rank set of the alternatives is 1 {1,4,3,2} R = . Based on the final results of all the ranking methods, we can obtain that alternative a 1 is the optimal choice, and alternative a 2 is the worst option for the location of shopping mall.
For the extended HFL-VIKOR method, if the number of alternatives is large, the final ranking results may be influenced by the parameter θ. The value of θ is also difficult to be appropriately determined, which may bias the final result. Besides, for the HFL-TOPSIS method, the ranking results are the same with respect to two different normalization operators. However, the HFL-TOPSIS does not consider the consensus of experts, and the normalized numerical values might exist bias. For the above two methods, since they directly aggregate linguistic assessments of four experts into a collective decision-making matrix, it is easy to loss original information of experts. Whether each expert has reached a consensus is not considered. The final decision-making results may appear some differences. For the proposed method, we consider three subordinate ranks and integrated scores of alternatives. In addition, we also take the consensus degrees of experts into account, which contributes to modifying the linguistic assessments of experts to reach a high-level consensus. Then, we employ the extended Borda rule to aggregate subordinate ranks and integrated scores to derive a comprehensive ranking of all alternatives, which can reduce the loss of decision-making information for experts and make the ultimate result objective and reliable. According to above analysis, the cardinal consensusbased HFL-DNMA method is more comprehensive than the other ranking methods.
Conclusions
In the process of MEMCDM, the assessments of alternatives are not only in quantitative forms, but also in qualitative expressions. In addition, the criteria for evaluating the alternatives may have different types, such as the benefit, cost and target criteria. To solve these problems, in this study, we proposed a comprehensive MEMCDM method named the cardinal consensus-based HFL-DNMA method. The advantages of the proposed method can be shown in the following aspects:
1. The HFL-DNMA method provided a new way to deal with MEMCDM problems to obtain the optimal alternative in the hesitant fuzzy linguistic environment. 2. Two normalized methods and three subordinate aggregation models were combined to obtain the comprehensive values of alternatives, which avoided the difficulty of transforming different dimensions under different criteria and the loss of evaluation information. 3. The preference degrees of experts for alternatives were obtained by the original ranks of alternatives. Then, the cardinal consensus process was introduced to help experts reach a high-level consensus. 4. The final comprehensive scores of alternatives were derived by the extended Borda rule to integrate the scores and subordinate ranks of alternatives, which made the result reliable and objective. In the future, we will consider the case in which the criteria have an impact on each other under the HFL-DN-MA framework. The weight of experts will be considered objectively by appropriate reasoning and calculation. We will also extend the DNMA based on intuitionistic fuzzy sets, interval-valued intuitionistic fuzzy sets and Pythagorean fuzzy sets. In addition, it is also meaningful to apply the cardinal consensus-based HFL-DNMA method to other fields to show its feasibility and practicability.
Funding
This work was supported by the National Natural Science Foundation of China under Grant No. 71771156 and Grant No. 71971145. 
Author contributions
Song Nie and Huchang Liao conceived the study and were responsible for the design and development of the data analysis. Huchang Liao, Xingli Wu and Ming Tang were 
Disclosure statement

